ABSTRACT. We relate the Gromov norm on homology classes to the harmonic norm on the dual cohomology and obtain double sided bounds in terms of the volume and other geometric quantities of the underlying manifold. Along the way, we provide comparisons to other related norms and quantities as well.
INTRODUCTION AND RESULTS
The vector space C p (X , R) of singular p-chains of a topological space X comes equipped with a natural choice of basis consisting of the set of all continuous maps from the p-dimensional Euclidean simplex into X . The ℓ 1 -norm on C p (X , R) associated to this basis descends to a seminorm · 1 on the singular homology H p (X , R) by taking the infimum of the norm within each equivalence class, or more precisely, 
In the same setting, Brock and Dunfield significantly tightened the relationship between these two norms. 
Remark. Distinct from the Poincaré dual, we may define a pairing dualβ ∈ H p (M, R) of a class β ∈ H p (M, R) to be any element such that (β,β) = 1 and
Similarly for α ∈ H p (M, R) a pairing dualα is defined by (α, α) = 1 and In the statement of the above theorem, the definition of splitting rank, srk, and k-Ricci curvature, Ric k , are as follows. Definition 1.3. Let X be any symmetric space without compact factors, the splitting rank of X is
is totally geodesic}
This number is explicitly computed in [Wan18, Table 1 ] for all irreducible symmetric spaces.
For example, if X = SL(m, R)/ SO(m), then srk(X ) = dim(X )−rank(X ), and if X = SL(m, C)/ SO(m), then srk(X ) = dim(X ) − 2 rank(X ). 
Definition 1.4. For u, v ∈ T x M, the k-Ricci tensor is defined to be
Remark. In the case when n = 3, p = 1 and M is hyperbolic we recover the estimate in Theorem 1.2 up to uniform multiplicative constants. However, their numerical constants are sharper on both sides.
In the same setting, as explained in Section 5 of [BD17] , an equivalent form of Theorem 2 of [KM97] states that for any closed oriented irreducible 3-manifold M and any β ∈ H 1 (M; R),
where the inf is over all Riemannian metrics g on M with scalar curvature s(g ) and harmonic
norm · H g . Theorems 1.3 and 1.4 thus provide bounds of how close to and how far from the above infimum general negatively curved metrics on M can become.
we have
It follows immediately from the above remarks that we obtain equivalences for the other norms When passing to a finite cover, neither volume nor injectivity radius of a manifold decreases. 
We structure our paper as follows. In Section 2, we establish an upper bound on the comass of the harmonic form by its harmonic norm in terms of the injectivity radius. This uses the Margulis Lemma together with a Moser typer inequality for a certain elliptic equation. In Section 3, we use the straightening method to relate the harmonic norm and the comass with the Gromov norm of the Poincaré dual. As a result, we prove our Theorem 1.4. In Section 4, we use the duality principle to prove Theorem 1.3. And lastly in Section 5, we give an alternative approach to Section 2, relating the comass and the harmonic norm with other geometric quantities such as the Sobolev constants, isoperimetric type constants and others.
Dictionary of notations.
Throughout this paper, all manifolds are oriented. We denote by ∆ = δd + d δ the Hodge Laplacian. We present here a short summary of our notations. Apart from the self-evident ones, and those already defined, these definitions will mostly be explained in Section 2 and 5. 
We define the pointwise ℓ 2 -norm at x by
Note that the definition is independent of the choice of local sections, provided they are orthonormal at x, and it is easy to check that
Thus if ω is a harmonic form representing α, then
Similarly, we define the pointwise ℓ ∞ -norm 
It is not difficult to see that the pointwise ℓ 2 ,ℓ ∞ -norm are equivalent up to a constant.
Thus,
Proof. Suppose at x, φ evaluates to its supremum on the orthonormal p-frame e 1 , ..., e p , we extend the set to an orthonormal n-frame e 1 , ..., e p , ..., e n , and write φ (at the point x) as
Relating harmonic norm with comass. Given a closed Riemannian manifold M, we define
K p for any integer p ≥ 0 to be
where the curvature operator is viewed as the linear extension of the curvature tensor to all of
We will use the following lemma from [Li80] , but for completeness we include the proof here.
Lemma 2.2 (Lemma 8 of [Li80]). Let M be a closed Riemannian manifold, and ω be a harmonic p-form. If the function f (x) is the pointwise ℓ
Proof. By Bochner's formula,
where ∆ = d δ + δd is the Hodge Laplacian and
Since ω is harmonic, we obtain from equation (2.2) that
To see this, we write
By computation,
By Cauchy-Schwarz inequality,
Thus combining with inequality (2.3), we obtain ∆ f ≤ λ f .
The Margulis Lemma states that for any complete simply connected n-dimensional Riemannian manifold X , with sectional curvatures −b 2 ≤ K X ≤ 0, there are constants N ∈ N and ǫ > 0, depending only on b and n, such that for any discrete group of isometries Γ < Isom(X ), and any x ∈ X , the group Γ ǫ generated by
has a finite index nilpotent subgroup of index at most N . The largest value of ǫ for a given b and n is called the Margulis constant µ = µ(b, n). Moreover, if M = X /Γ is a compact manifold then by [GW71] , Γ µ has a normal crystallographic subgroup Σ µ of index at most N which preserves and acts cocompactly on a totally geodesic flat submanifold A R k ⊂ X . If X is negatively curved then Γ µ is infinite cyclic and A is a geodesic.
Define the thin/thick decomposition of M = M thi n ∪ M thi ck to be that given by the disjoint subsets,
If M is compact and negatively curved then M thi n is diffeomorphic to a finite disjoint union of copies of the product of an n − 1-disk with a closed geodesic corresponding to A (possibly together with some twisted product components if M is nonorientable) and N (n, b) = 1 for b > 0. Even for non-flat closed nonpositively curved M, we may have M thi n = M, as is the case for some graph manifolds.
The following lemma indicates a useful scale to apply to subsequent results. 
where in each case C is a constant only depending on n.
Proof. We may assume ǫ = Inj(M) < The elements γ ∈ π 1 (M) which translate x ∈ B a distance less than the diameter µ of B lie in Γ µ . Hence the number of fundamental domains that intersect B can at most be N times the number of Σ µ fundamental domains that intersect B. Moreover d (x, γx) for an element γ ∈ Σ µ is nondecreasing in the distance of x to the invariant flat A. Hence the number of orbit points in B is no more than the number of orbit points of y ∈ A in B(y, µ 2 ) ∩ A. Since the translation length of each γ ∈ Γ is at least 2ǫ, there can be at most C (n)ǫ k Σ µ -orbit points in B, where k is the rank of Σ µ which is the dimension of A. Here C (n) a-priori depends on the chrystallographic group Σ µ , but this lattice density parameter (for any shortest translation length ǫ) is universally bounded from above for each n.
In each of the cases of the lemma we observe that the dimension of A is at most 1, k −1, k, and n respectively. The constant C in the Lemma is C (n)N where N is the index of Σ µ . Moreover, when K X < 0, both N = 1 and C (n) = 1 since Γ µ Z.
Lastly, we will need the following Moser type inequality which represents one of the two di- where C 1 and C 2 are constants only depending on the dimension n.
Now we are ready to relate the comass of a harmonic form with its harmonic norm.
Theorem 2.2. If M is an n-dimensional closed nonpositively curved Riemannian manifold, and ω is any harmonic p-form then there exists a constant C that depends only on the dimension n such that
where, 
where λ is the constant from Lemma 2.2 and C 1 and C 2 only depend on n.
We note that the ratio of the right hand side with ω 2 grows exponentially in r for large r , since in that case 
The statement of the theorem follows from
ℓ/2 and that p ≤ n.
PRODUCING LOWER BOUNDS ON THE GROMOV NORM BY SIMPLEX STRAIGHTENING
The idea of simplex straightening was first developed by Gromov [Gro82] and Thurston [Thu97] in negative curvatures as a tool of obtaining lower bounds on the Gromov norm. This method has been extended by many authors in different context including higher rank symmetric spaces [LS06, KK15, LW18, Wan18], certain nonpositively curved manifolds [CW17, CW18] and others [Min01] . Below we give a brief overview on some of these results.
We begin with the definition of a straightening. 
When M is higher rank locally symmetric, Lafont and Schmidt [LS06] defines the "barycentric straightening" and showed except for the case of SL(3, R), all top dimensional straightened simplices have uniformly bounded volume, using a previous estimate of Connell and Farb [CF03, CF17] . This has been extended to all k-simplices when k ≥ srk(X ) + 2 in [LW18, Wan18] ,
where the splitting rank-srk(X ) is defined to be the maximal dimension among all totally geodesic submanifolds in X that split off a direct R-factor. (See explicitly [Wan18, Table 1 ])
The idea of barycentric straightening is based on the barycenter method originally developed by Besson, Courtois, and Gallot [BCG96] . Given a nonpositively curved manifold M that is either geometric rank one or higher rank locally symmetric, and µ be any measure that has full support either on the visual boundary ∂ ∞ M, or respectively on the Furstonburg boundary ∂ F M , then there exists a unique point x ∈ M satisfying
where − − → v xθ is the unit vector at x pointing towards θ. This assignment gives a barycenter map
where x is the unique point described above. 
with the induced Riemannian metric from R
k+1
, and with ordered vertices (e 0 , . . . , e k ). Given
where ν x i = µ x i / µ x i is the normalized Patterson-Sullivan measure at x i . Notice that st k ( f ) is only determined by the (ordered) vertex set V .
In most locally symmetric spaces, such straightening is k-bounded when k is large. , since the straightening is Γ-equivariant it descents to M, and by using (b) of Definition 3.1 we can replace each σ i by geodesically straightened simplices st n−p (σ i ) so that
By lifting to the univeral cover M , we have
In the theory of bounded cohomology, the ℓ 
Therefore, in order to produce an upper bound on the Gromov norm, it is equivalent to obtain a lower bound on the ℓ 
(M, R) be any class such that (ϕ, β * ) = 1, and η be any (n − p)-form representing ϕ, then we have
By taking the infimum of comass on all η representing ϕ, we get
Apply Lemma 2.1 and the Cauchy-Schwarz inequality, to further obtain
Applying Lemma 4.2, we have
Finally we take the infimum of ϕ ∞ over all ϕ satisfying (ϕ, β * ) = 1, and apply Proposition 4.1 to get
ALTERNATIVE APPROACH
In Section 2, we compared the comass of a harmonic p-form with its L 2 -norm in terms of the injectivity radius of the manifold. We can also relate them by other geometric invariants such as the Sobolev constant. Such relation follows from a general theorem of Li. 
Moreover, if λ = p(n − p)K p then λ = 0 = K p and φ has pointwise constant mass and so φ
We explain all the variables appearing in the above inequality. First, we recall K p is the constant defined in (2.1). In our case, K p is always nonpositive but may be less than the lower Ricci bound.
V is the volume of M, C (n) denotes a constant depending only on n, and C S denotes the Sobolev constant which will be discussed in detail in the next subsection. We will also relate it to all other geometric quantities such as diameter, Cheeger's isoperimetric constant, and bottom of Laplacian.
For our purpose, we only need to apply Li's theorem in the case of harmonic p-forms, that is,
Corollary 5.1. If M is a complete manifold of dimension n ≥ 3, then there exists a constant C depending on M such that for any harmonic p-form ω with 1 ≤ p ≤ n − 1,
Moreover, C can be explicitly chosen to be
Proof. Combine Lemma 2.1 with Theorem 5.1. 
This is related to an scale invariant isoperimetric type constant C 1 ,
where the infimum is over all codimension one closed submanifolds N ⊂ M whose complement in M consists of two components M 1 and M 2 . The relation is
Another well known isoperimetric constant is the Cheeger's constant h, it is defined in a similar way as
Hence it follows that
Moreover, we define C S by
Lemma 1 of [Li80] shows 
Buser's inequality
We attempt to give an upper bound on the constant C in Corollary 5.1, in terms of these geometric quantities. First we observe that the exponential part of C is bounded for non-flat nonpositively curved manifolds.
Lemma 5.2. If M is a closed nonpositively curved manifold which is not flat and 1 ≤ p ≤ n − 1, then
where C (n, K p ) is a constant that only depends on n and K p .
Proof. Since C (n) and p only depend on n, and K p < 0 under the hypotheses, it suffices to bound C S /V 2/n from above. According to the definition C S and inequality (5.1),
By inequality (5.2) and Cheeger's inequality (5.2), 
This provides an alternative way of relating the Gromov norm with the harmonic norm in terms of n, K p , a lower bound on volume and an upper bound on diameter.
